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Overview
Broadly, my research interests are in combinatorial mathematics. My research has focused
on the combinatorics of partially ordered sets and online algorithms, but I am also interested in
extremal problems in other areas of combinatorics, and computational work using SageMath and
Python is playing an increasingly large part of my research program. As a graduate student, I was
fortunate to develop collaborations with other early career mathematicians, and my postdoctoral
positions expanded my network of collaborators. My closest collaborator, Stephen J. Young, is
now at Pacific Northwest National Lab, and I have visited the lab multiple times. This connection
has the potential to lead to interesting new applied research directions for me (and students) and
the possibility of external funding in conjunction with PNNL. In this overview, I give a summary
of my research interests for those who are not specialists in combinatorics. The subsequent
sections provide more detailed information about my research, including problems on which I
intend to work in the near future.
Combinatorics of Partially Ordered Sets. Partially ordered sets (or posets) provide combinatorial models for comparison relationships. One example of a poset is the lattice of subsets of
a finite set, where the partial order is given by subset inclusion. Many questions about posets,
including the two discussed in this statement, involve properties of their linear extensions. A
linear extension of a partial order P is a total order L on the same ground set that respects P, i.e.,
if x ≤ y in P, then x ≤ y in L.
One poset parameter on which I have worked is linear discrepancy. The problem of linear discrepancy arises naturally when considering linear extensions of a partial order. If incomparable
elements are placed far apart, users in applied settings may create an implicit comparison between them. This comparison unfairly biases against the element that is placed lower, suggesting
that it is smaller in the original partial order. Linear discrepancy attempts to quantify this unfairness by measuring the largest distance between incomparable elements in a linear extension and
minimizing that distance over all linear extensions.
Part of my linear discrepancy research involved completing the characterization of the posets
with linear discrepancy 2. We provided a complete list of the forbidden subposets for such
posets. My research has also provided upper bounds on a poset’s linear discrepancy in terms
of the maximum number of elements of the ground set to which any element is incomparable.
This work partially addresses one of the original questions asked about linear discrepancy by
providing tight bounds for two classes of posets—disconnected posets and interval orders.
An interval order is a poset having the property that we can associate to each point of the poset
a closed, bounded interval of R in such a way that x < y in the poset if and only if the interval
of x lies completely to the left of that of y. A semiorder is an interval order with the additional
property that all of the associated intervals have the same length. Interval orders arise in many
areas of my research and have a great number of uses in applications. Recently, I have completed
work that involves enumeration of certain classes of unlabeled semiorders. The tools developed
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in this process have the potential to be applied to address a number of other problems related to
interval orders and semiorders.
The linear extension diameter of a poset measures how different two linear extensions can be.
Specifically, the distance between linear extensions L1 and L2 is the number of pairs of incomparable elements x, y for which x < y in L1 and y < x in L2 . We say such an incomparable pair is
reversed by L1 and L2 . The linear extension diameter of a poset is the maximum distance between
two of its linear extensions. Some posets have linear extension diameter equal to the number of
incomparable pairs, but in general this is not the case. In fact, we have shown that it is not always
possible to find a pair of linear extensions that reverse a constant fraction of the total number of
incomparable pairs. We have also begun investigating the relationship between linear extension
diameter and long-studied poset parameters such as width and dimension.
Online algorithms. Another of my research interests is online algorithms. The traditional framework for algorithms applied to discrete structures provides the algorithm with complete information about the structure throughout execution. In contrast, an online algorithm receives information about a structure one piece at a time and makes an irrevocable decision at each stage. For
some applications, the online algorithm framework more accurately represents how a problem
must be solved, since it is impossible to supply complete information at the outset. The performance of an online algorithm is generally compared to that of an optimal, perhaps inefficient,
algorithm in the traditional framework.
My research has included investigation of online algorithms for linear discrepancy. We have
obtained a best possible online algorithm for linear discrepancy on arbitrary posets and shown
that when restricted to semiorders it remains best possible, although with a stronger performance
guarantee. With an honors thesis student at Washington & Lee University, I have explored online
algorithms for linear discrepancy in the context of up-growing orders, which requires that the
points of the poset be presented to the algorithm in such a way that each new point is not less
than any previously-presented point. I am currently working on preparing a version of the thesis
work that is suitable for journal publication.
Stanley depth: A connection to commutative algebra. In 1982, R.P. Stanley made a conjecture
involving two parameters of modules over a polynomial ring over a field. Little progress had
been made on Stanley’s conjecture until about eight years ago, when a team of researchers identified a way to approach some cases of the problem through a partitioning problem on certain
posets. This discovery has led to interesting combinatorics, and the increase in activity may be
partially responsible for the recent counterexample of Duval et al. [7]. Even though Stanley’s
original conjecture is false, there are still a number of interesting questions open in this area. In
Summer 2015, I worked with a W&L undergraduate student on a project involved in resolving
a conjecture some coauthors and I had made a few years prior. Although we did not prove the
conjecture, computational investigations did lead to a more precise conjecture in the first case to
investigate, and the revised conjecture suggests a proof method.
1. Combinatorics of Partially Ordered Sets
Linear discrepancy. When forming a linear extension L of a poset P, there is no requirement
on the ordering of incomparable elements x and y in L. In fact, x and y might be placed very
far apart in L, which can unfairly suggest that x and y are comparable in P. In [29], Tanenbaum, Trenk, and Fishburn introduced linear discrepancy as a way to quantify the minimum
unfairness a linear extension of a given poset can exhibit. To define linear discrepancy precisely, let h L ( x ) be the position of x in L (with the L-least element having position 1). If all
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elements of P are pairwise comparable, the linear discrepancy of P is then defined to be 0, and
ld(P) = min L maxxkP y |h L ( x ) − h L (y)| otherwise. Here the minimum is taken over all linear extensions of P, and the maximum is taken over all incomparable pairs. In [10], the same authors
showed that ld(P) is equal to the bandwidth of P’s incomparability graph, thereby showing that
the decision problem ld(P) ≤ k is NP-complete for general posets by a result of Kloks, Kratsch,
and Müller in [23].
In [29], Tanenbaum et al. provided an elegant forbidden subposet characterization of the posets
of linear discrepancy 1. They then asked if the posets of linear discrepancy 2 could be similarly
characterized. In [26], Rautenbach conjectured that a small list of forbidden subposets characterized the posets of linear discrepancy 2. Extending the work of Howard, Chae, Cheong, and
Kim in [13], D.M. Howard, S.J. Young, and I provided a forbidden subposet characterization of
the posets of linear discrepancy 2 in [14]. The forbidden subposets include an infinite family and
a small number of exceptional posets. The members of the infinite family on n points are all
derived from a single n-point poset by the removal of certain comparability relations.
For most monotonic combinatorial parameters, removing a single point can cause only a small
change in the parameter’s value. However, for linear discrepancy it is possible to remove a point
and create a poset with much smaller linear discrepancy. For example, the poset consisting of a
single point incomparable to a chain of n points, i.e., n points forming a linear order, has linear
discrepancy dn/2e. However, removing the isolated point results in a poset of linear discrepancy
0. Despite this difficulty, S.J. Young and I were able to prove a weaker, but still useful, point
removal property in [19]. We showed that for every poset P, there exists a point which can
be deleted without decreasing the linear discrepancy by more than one. We also proved two
useful results about the relationship between linear discrepancy and critical pairs, which feature
prominently in the study of order dimension.
We employed these results to address a question from the original paper on linear discrepancy.
Let ∆(P) be the maximum number of elements of P to which any element is incomparable. In
[29], Tanenbaum et al. asked if every poset satisfied ld(P) ≤ b(3∆(P) − 1)/2c. S.J. Young and
I answered this question in the affirmative for disconnected posets and interval orders in [19].
Our result for interval orders is similar to Brooks’ Theorem in that ld(P) ≤ ∆(P) for an interval
order P with equality if and only if width(P) = ∆(P) + 1. (The width of a poset is the size of a
maximum set of pairwise incomparable elements.) We also showed that this result is best possible
by constructing a family of width 2 interval orders for which ld(P) = ∆(P) − 1. Choi et al. [6]
subsequently used probabilistic techniques to show the existence of posets of height two with
linear discrepancy greater than the proposed bound (and close to the best known general upper
bound of 2∆(P) − 2). In light of this result, it becomes interesting to determine best possible
bounds on ld(P) in terms of ∆(P) for other classes of posets.
Another question of interest involves the relationship between linear discrepancy and dimension. The dimension of a poset P = ( X, ≤ P ), denoted dim(P), is the smallest t such that there
exist linear extensions L1 , . . . , Lt such that x ≤ P y if and only if x ≤ Li y for 1 ≤ i ≤ t. Dimension
is a much studied poset parameter, and it is not difficult to show that ld(P) ≥ dim(P) − 1. In [29],
Tanenbaum et al. state the following conjecture of Brightwell and Trotter: If n = dim(P) ≥ 5, then
ld(P) ≥ dim(P), and if equality holds, then P must contain a copy of a specific n-dimensional
poset on 2n points known as the standard example Sn . In [30], Trotter gives an example of a
poset with dim(P) = 4 but ld(P) = 3. However, the construction does not generalize, and there
has been no progress toward resolving the conjecture. The literature on linear discrepancy is
now developed to the point that serious work on this conjecture is possible. Although it appears
this conjecture will be quite difficult to resolve, it would be interesting to start simply with the
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case of 5-dimensional posets and showing that ld(P) ≥ 5. Focusing on a restricted case like this
may make the problem approachable to undergraduate research students.
Semiorder enumeration. The number of unlabeled semiorders on n points has long been known
to be the nth Catalan number, but it was not until the work of Bousquet-Mélou et al. in [3] that
an enumeration of the unlabeled interval orders on n points was possible. They did this by
establishing a bijection between interval orders and finite sequences of nonnegative integers they
called ascent sequences. This gave access to a suitable generating function. One difficulty with
the bijection of [3] is that if P is a semiorder, then it is possible for an initial subsequence of
the sequence corresponding to P to not correspond to a semiorder. This meant that finding a
characterization of the sequences corresponding to the semiorders has proved challenging. In
[22], Kitaev and Remmel identified an easily describable subset of the ascent sequences that
they termed the restricted ascent sequences and showed that the Catalan numbers enumerate this
class of sequences. However, there are semiorders whose ascent sequences are not restricted and
restricted ascent sequences that do not correspond to semiorders.
In [21], S.J. Young and I defined the hereditary semiorders to be those corresponding to ascent
sequences for which every initial subsequence also corresponds to a semiorder. We established
a structural chracterization of the hereditary semiorders in terms of their interval representation, which allowed us to enumerate the hereditary semiorders using generating functions. We
also showed that the semiorders corresponding to the restricted ascent sequences of Kitaev and
Remmel are precisely the hereditary semiorders. In [24], Rabinovitch showed that all semiorders
have dimension at most 3 and gave a forbidden subposet characterization of the semiorders
of dimension at most 2. We combined the work of Rabinovitch with our structural characterization in order to give a structural chracterization of the semiorders of dimension at most 2,
and this characterization led to an enumeration of the semiorders by dimension. The work of
Bousquet-Mélou et al. showed that the interval orders are equinumerous with many classes of
combinatorial structures. However, the sequences that enumerate the hereditary semiorders, the
semiorders of dimension 3, and the semiorders of dimension at most 2 were not listed in the
Online Encyclopedia of Integer Sequences prior to our work.
Linear extension diameter. In [9], Felsner and Reuter introduced the linear extension diameter,
denoted led(P), of a poset. It is the maximum over all pairs of linear extensions L1 , L2 of the
number of incomparable pairs x, y with x < L1 y and y < L2 x. Brightwell and Massow showed in
[5] that if width(P) ≤ 3, then led(P) can be determined in polynomial time. However, they also
showed that determining led(P) is NP-complete in general. It is natural to ask how close the
linear extension diameter of P can be to inc(P), the total number of (unordered) incomparable
pairs of P. G.R. Brightwell and I approached this in [4] by using probabilistic techniques to find a
family of posets Pk of width k for which there exist constants c, c0 such that with high probability
inc(Pk ) ≥ ck2 log2 k and led(P) ≤ c0 k2 log k. In studying this question, we introduced the reversal
ratio of P as RR(P) = led(P)/ inc(P). Put in this notation, our family of examples has reversal
ratio at most 28/ log k with high probability. However, it remains open to determine if there is
a function f (n) such that RR(P) ≥ f (n) for all posets P with g(P) = n where g(P) is some
“reasonable” function of P, such as the number of points or width.
We also considered ways to bound RR(P) in terms of long-studied poset properties such as
dimension and width. The examples Pk mentioned previously allow us to conclude that there are
posets of dimension d with reversal ratio at most 27/ log d for d sufficiently large. We also showed
that RR(P) ≥ 2/d if dim(P) = d. However for d > 3, we do not know the smallest that RR(P)
can be for a d-dimensional poset. We suspect that it is closer to C/ log d. To discuss bounding
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the reversal ratio in terms of width, let WRR(w) = inf{ RR(P) : width(P ≤ w}. Arguments
involving dimension show that WRR(3) ≥ 2/3, and we have constructed a family of examples
showing that WRR(3) ≤ 5/6. However, Brightwell and I conjecture that WRR(3) = 3/4 and that
a family of examples given in [4] is (essentially) extremal. Addressing questions such as these
should give further insight into the nature of linear extension diameter.
2. Online Algorithms
It is convenient to think of an online combinatorial problem as a game between two players
called Builder and Assigner. For online problems involving posets, Builder presents the points of
the poset one at a time and at each step informs Assigner of the relations between the previouslypresented points and the new point. This information must be consistent with that previously
presented. Assigner then makes an irrevocable decision such as where to place the new point
in a linear extension or into which chain of a chain partition the new point should be placed.
I am interested in online algorithms for a number of problems, but here I will focus on online
algorithms for linear discrepancy.
Typically, the analysis of an online algorithm involves comparing the algorithm’s output with
that of an optimal algorithm operating in the traditional framework. For online linear discrepancy, Assigner maintains a linear extension L of the poset Builder has presented, striving to keep
the linear discrepancy of L as small as possible. Kloks, Kratsch, and Müller showed in [23] that
no linear extension has linear discrepancy larger than 3 ld(P), so any algorithm Assigner uses
will differ from optimal by a factor of at most 3. This contrasts with the online graph bandwidth
problem, which Board considered in [2]. He showed that for arbitrary graphs, Builder can force
Assigner to construct a permutation of the vertex set with bandwidth far from the optimal value.
N. Streib, W.T. Trotter, and I considered the problem of online algorithms for linear discrepancy
in [17]. We gave an online algorithm guaranteed to place each incomparable pair at distance at
most 3k − 1 for any poset of linear discrepancy k. We also showed that this is best possible for
every positive integer k, even when restricted to interval orders. When restricted to semiorders
of linear discrepancy k, the algorithm maintains |h L ( x ) − h L (y)| ≤ 2k, and this is best possible.
While our work provided optimal results for general online linear discrepancy algorithms, the
known constructions for forcing an online algorithm to construct an extreme linear extension all
require new points to be inserted that are less than existing points. For this reason, it seemed
natural to investigate this problem for the up-growing orders framework introduced by Felsner
in [8]. For up-growing posets, each new point must be maximal, i.e., either incomparable to or
greater than each previously-presented point. With Matthew R. Kiser, an honors thesis student,
I investigated the up-growing problem for the class of posets having a linear extension of linear
discrepancy three times ld(P). Most familiar classes of posets have no linear extensions with linear discrepancy much in excess of 2 ld(P), so it seemed reasonable to focus on the most extreme
case. We were able to devise an algorithm that improves upon the performance of the general
online setting algorithm from [17], and I plan to continue working to see if the algorithm can be
refined to cover a larger class of posets.
3. Interval Partitions and Stanley Depth
In this section, let K be a field and S = K [ x1 , . . . , xn ]. R.P. Stanley introduced the notion of
the Stanley depth of an S-module M, denoted sdepth( M ), in purely algebraic terms in [28]. He
conjectured that sdepth( M ) ≥ depth( M ). Progress had been made on Stanley’s conjecture in
special cases, but a major breakthrough came when Herzog, Vladoiu, and Zheng showed in [12]
that for monomial ideals J ⊂ I ⊂ S, the Stanley depth of I/J can be determined by partitioning a
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poset defined by the generators of I and J into intervals [ x, y] = {z ∈ P : x ≤ z ≤ y}. The posets
in question are all finite subposets of Nn , with a monomial corresponding to the n-tuple of its
powers of the variables. If I is squarefree, the poset associated to I can be viewed as a subposet of
the Boolean algebra of subsets of [n] := {1, 2, . . . , n}. Although Stanley’s conjecture was recently
disproved by Duval et al. [7], these algebraic questions still give rise to interesting combinatorial
partitioning problems.
Herzog et al. asked if sdepth( x1 , . . . , xn ) = dn/2e in [12]. From the combinatorial perspective,
this question has an appealing restatement: Can the poset consisting of the nonempty subsets of
[n] be partitioned into a collection P of intervals so that for all [ X, Y ] ∈ P , |Y | ≥ dn/2e? In [1],
Cs. Biró, D.M. Howard, W.T. Trotter, S.J. Young, and I showed that the answer to this question is
“yes,” and gave two proofs yielding nonisomorphic partitions. The result we proved is stronger
than needed for the algebraic result and provides a structural view of the poset of nonempty
subsets of [2k + 1]. (The result for n = 2k + 2 follows by a parity argument.)
Shen showed in [27] that the algebraic version of our result can be extended to show that the
Stanley depth of a complete intersection monomial ideal minimally-generated by m monomials is
n − bm/2c. Shen also proved lower bounds for the Stanley depth of 3- and 4-generated squarefree
monomial ideals that are not complete intersection monomial ideals. He then asked if every mgenerated squarefree monomial ideal in S has Stanley depth at least n − bm/2c. S.J. Young
and I answered this question in the affirmative in [18], where we offered a short proof that
encompassed Shen’s results for 3- and 4-generated squarefree monomial ideals. We did this by
focusing on the combinatorial view, while Shen had passed repeatedly between the language of
posets and that of ideals.
To generalize the result of [1], it is natural to consider the problem of finding an interval
partition of the poset consisting of all subsets T ⊆ [n] with | T | ≥ d > 1. This poset corresponds
to the squarefree Veronese ideal of degree d in K [ x1 , . . . , xn ]. For d > 1, we also want intervals [ X, Y ]
for which |Y | is bounded below, but obviously dn/2 e is not attainable.
For d ≤ bn/2c, a counting

n
n
argument suggests a conjecture that sdepth In,d = (d+1)/( d ) + d. In [16], Y.-H. Shen, N. Streib,
S.J. Young, and I showed that the conjectured formula for sdepth In,d holds for n = cd + (c − 1)
when c ≤ 4. This gives a formula for sdepth In,d that holds for n and d with 1 ≤ d ≤ n < 5d + 4.
Our proof uses a construction that generalizes the constructive proof in [1] and involves lemmas
about this construction that suggest the conjecture to be true in general. In [11], Ge, Lin, and
Shen have advanced the state of the art to confirm the conjecture for d ∈ Ω(n2/3 ). With Aswasan
Joshi, a Washington & Lee University undergraduate, I have spent time looking at the d = 2 case.
Through computational investigation, we have a possible structure for a partition that would
achieve the conjectured bound, but our summer together was over before we could complete a
proof, so this research is ongoing.
For several years now, S.J. Young and I have been working on a project to address a question
posed by Rauf in [25]. Specifically, Rauf asked if sdepth I > sdepth S/I for all monomial ideals
I ⊂ S. This question has a nice combinatorial interpretation in the squarefree case, as the poset
corresponding to I and the poset corresponding to S/I are disjoint and their union is the entire
subset lattice. The original motivation for investigating this question was to partially address
Stanley’s conjecture, but our article [20] establishes a number of intresting combinatorial reductions in the squarefree case. The counterexample to Stanley’s conjecture does not disprove Rauf’s
conjecture, and Katthän has conjectured in [15] that in the case of Stanley’s conjecture to which
this work would apply, a slight weakening of Stanley’s conjecture is true. We hope that this line
of research will prove fruitful for some time yet.
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